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Abstract. This paper studies the regularity of certain coherent sheaves that 
arise naturally from Segre- Veronese embeddings of a product of projective 
spaces. We give an explicit formula for the regularity of these sheaves and 
show that their regularity is subadditive. We then apply our results to study 
the Tate resolutions of these sheaves. 



1. Regularity 

We will use the following generalized concept of regularity. 

Definition 1.1. Fix a projective variety X and line bundles B on X such that 
B is generated by global sections. Then a coherent sheaf T on X la L-regular with 
respect to B provided that 

H\X,T®L®B'^^-'^)^0 foralH>0. 

Here denotes the dual of B®\ 

This notion of regularity is a special case the multigraded regularity for sheaves 
introduced in 6^ , which in turn is a modification of the regularity defined in [8J for 
multigraded modules over a polynomial ring. 

We can relate Definition II. f I to the Castelnuovo-Mumford regularity of a sheaf 
on projective space as follows. Suppose that B is very ample and C = where 
I : X — > is the projective embedding given by B. Then, given an integer p, the 
isomorphism 

H\f^, C{p - i)) ~ H\X, J^(g,B'^P(S) 
shows that T is B®P-regular with respect to B if and only if C is p-regular as a 
coherent sheaf on P^. 

Now fix r-tuples / := (/i, . . . ,lr) and d := {di, . . . , dr) of positive integers. These 
give the product variety 

X ■.= V'^ X • • • X P'- 
of dimension n :— X^I^i the d-uple Segre- Veronese embedding 

The r-tuples / and d will be fixed for the remainder of the paper. 
Given m := (toi, . . . , m^), consider the line bundle 

Oxim) = Ox{mi, . . .,mr) 

defined by 

Ox{m) ■= PiOpii (mi) (g) • ■ • (g)p*Opw {rrir), 
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where : P'^ x • • • x P''' P'' is the projection. In this paper, we wiU study the 
regularity (in the sense of Definition 1 of OxilR) with respect to the fine bundles 

L:=Ox{p)^Ox{pi,...,Pr), P^eZ 
B:=Ox{d) = Oxidi,...,dr). 

For any nonempty subset J C {1, . . . , r} let Ij denote the sum J2je J h- Here is our 
first main result. 

Theorem 1.2. Let L = Ox{p) and B = Oxid) be as above. Then Oxini) is 
L-regular with respect to B if and only if 

(1.1) maxjpfc + TOfc + /fc ~ /jrffcl > 

for all nonempty subsets J C {1, . . . , r}. 
Proof. Observe that 

(1.2) H\X,Ox{iri) L ® B®^-'^) ^ W{X,Ox{m+ p~ id)). 
and also that 

r 

H\X,Ox{in + p-id))^ (g)i/'^lP'^Op'.("^fe+Pfc-^4)) 

ilH Vir—i k—1 

by the Kiinneth formula. Since i?*'' (P'*-' , Opi^ (j)) — when ik ^ Q,lk, we may 
assume that i = l,j for some 07^JC{l,...,r} and that 



Ik, k £ J 
0, k^J. 

First suppose that (|l.ip is satisfied for all J 0. Given such a J, pick k E J 
such that 

Pk+ruk + h- Ijdk > 0. 
Then mk+Pk — ljdk > —Ik, so that T?''' (P''' , Opi^ {mk+Pk — ljdk)) = by standard 
vanishing theorems for line bundles on projective space. By the above analysis, it 
follows easily that (|1.2p vanishes for i > 0. 
Next suppose that 

(1.3) ma,j. {pk + mk + h - I jdk} < 

for some J =/= $. Among all such subsets J, pick one of maximum cardinality. For 
this J, we will prove that ()1.2[) is nonzero when i = Ij. By the Kiinneth formula, 
it suffices to show that 

H'" {F'" , Op., {ruk +Pk- Ijdk)) 7^ 0, fc e J 
H° ,Opi,{mk + Pk - Ijdk)) ^ 0, kiJ. 
The first line of is easy, since by Serre duality, 

H''^ (P'--- , Op,, {ruk +Pk- Ijdk)) ^ i/"(P''= , Or, i-mk - Pk + Ijdk - h - I))* ■ 

This is nonzero provided —mk — Pk + Ijdk — ^fc — 1 > 0, which for k E J follows 
immediately from ()1.3|) . For the second line of p.4p . suppose that k ^ J. By the 
maximality of J, we must have 

(1.5) max {ps + ms + ls~lji,{k}ds} >0. 

sS JU{fe} 



(1-4) 
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Note that ^,/u{fe} = l.i + h- If the maximum in (II. 5p occurs at an element of J, say 
s £ J, then 

Ps + rus + Is - {I J + lk)ds > 0, 

which is impossible since s G J and ()1.3p imply that Ps + + ls — I. ids < 0. Hence 
the maximum occurs at k, so that 

Pk + mk + lk - ilj + lk)dk > 0. 

This implies 

Pk + ruk- Ijdk > hdk -lk>0- 
It follows that the second line of (|1.4p is nonzero, as desired. □ 

If we fix the sheaf Oxiin) and let L = Ox{p) vary over all p G Z*", wc get the 
regularity set 

Reg(Ox(m)) = {p G Z'' | Ox{m) is Ojf (p)-regular for B = Ox{d)}. 

This set is easy to describe. Given a permutation a in the symmetric group Sr, let 
J(cr, fc) C {1, . . . , r} denote the subset 

J(cr, fc) = {cr(i) I i > <J-^{k)}, l<k<r. 

Thus 

J(a,a(l)) = {a(l),a(2),...,(T(r)} 
J(a,a(2)) = {a(2),...,a(r)} 

J(a,a(r)) ={a(r)}. 

Then define 

Pa = {-rni - li+ lj{cr,l)dl, . . . , -rrir - Ir + lj(a,r)dr) 

Proposition 1.3. The regularity set of Ox(m) is the union of rl translates o/N'' 
given by 

Ileg(Ox(m))= y (p^+W). 

creS,- 

Proof. First suppose that Ox{ni) is (p)-regular for B. We build a permutation 
a £ Sr a.s follows. Theorem 1 1 . 21 tells us that p.ip holds for all J 7^ 0. Hence, for 
J — {1, ... ,r}, there is fci such that 

Pfcl + ?7T-fci + 'fci - Ijdki > 0. 

Setting (t(1) = fci, this becomes 

Pfei > -"T-fei - ^fei + lj{aM)dki- 

Applying pTTj) to J = {1, . . . , r} \ {ct(1)} gives fc2 ^ /ci with 

Pk2 + mk2 + lk2 - hdk2 > 0- 
Setting cr(l) = k2, this becomes 

Pk2 > -"T-fea ^ ^fc2 + kj{(jM)^k2- 

Continuing in this way gives a £ Sr with p G Po- + N''. 
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Conversely, let p G + N'' and take any nonempty J C {l,...,r}. Write 
J — {cr(ii), . . . , o'(jt)} for ii < • • • < if. Then set k = cr(ii) £ J and observe that 

J ^ {cr(«i),cr(ii + 1), . . • ,cr(r)} = J(CT,cr(ii)) = J(cr, k). 

This implies that Zj < lj(a,k)- Since p G + N*", we obtain 

Pk > -"^fc - Ik + l.j{a,k)dk > -mk - lk + Ijdk, 

so that pfc + TTik + lk — Ijdk > 0. This proves that (jl.ip holds for J, and since J ^ ^ 
was arbitrary, we have p G Reg(C'x(™)) by Theorem 1 1.21 □ 

We next apply our results to study the Castelnuovo-Mumford regularity of 
Ox {el) under the projective embedding given by the Segre- Veronese map 

i/d : P'l X ■ • • X P'- — > 

coming from Ox{d)- This gives the sheaf J-{m) := Vd*Ox{lR) on P^. 

Theorem 1.4. The sheaf J- {m) ~ Vd*Ox{m] is p-regular on P^ if and only if 

nrik + Ik 
dk 



p > max < min < I r 

j^g) 1 kej 



Hence the regularity of J-{rn) is given by 

rrifc + Ik 



reg(J^(?7i)) = max <^ min <^ Ij 
y keJ [_ 

Proof. Let B — Ox{d). As noted earlier, J-{m) is p-regular if and only if Ox {in) 
is i?'^P-regular with respect to B. Since B^'p = Ox(pd), Theorem 11.21 implies that 
J-{rn) is p-regular if and only if 

max {pdk + mk + h - Ijdk} > 

for all subsets J 7^ of {1, . . . , r}. This is equivalent to 

^ . f, ruk + lk 

p > mm < i 7 ; 

fcGJ 1^ dk 

for all J 7^ 0. From here, the first assertion of the theorem follows easily, and the 
second assertion is immediate. □ 

Example 1.5. When r = 2, the usual Segre embedding i/ : P° x P'' ^ ^ab+a+b 
gives J-{k^ I) = i/*C'paxpt>(A:, I). Since d = (1, 1), Theorem 11.41 implies that 

reg(:r(fc, I)) = max{a - [fc -I- aj , 6 - [l + b], mm{a + b- [k + a\,a + b- + }} 

— max{ — fc, — /, min{6 — k,a — I}} 

= max{— min{fc, I}, min{6 — k,a — I}}. 
This is the regularity formula from U Lem. 3.1]. 

Example 1.6. Let I be the ideal sheaf of F = Vd{X) C P^. Following [1], set 
qk = L^^J and qo = mini<fc<r{(7fc}, and define 

^ \n + 2 — qo, qo ^ qk for some fc with dk\lk + 1 
I n + 1 — (70 7 otherwise. 

Recall that n = J2k=i — dim(y). Then [H Lem. 3.4] asserts that X is A-regular. 
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We can derive this from Theorem 11.41 as foUows. We know that X is A-regular if 
and only if Oy is A — 1 regular. Note also that A can be defined more simply as 



A = n + 1 — min 

l<fc<r 



If J 7^ 0, it follows easily that 

dk 



X ~ 1 > It ~ min 

fee,/ 



> Ij — max 

kej 



h 
_dk 

h 
dk 



= mm 
keJ 



Ij- 



dk 



By Theorem II. 4[ we obtain A — 1 > reg(J^(0)) = reg(C'y), so that A > reg(X), as 
claimed. 

It is also easy to see that A — 1 > reg(C'y) can occur. For example, if r = 2 and 
d— (1,1), then one can show without difficulty that 

A - 1 = max{/i, I2} > min{/i, ^2} = reg(C'y). 

2. SUBADDITIVITY 

In this section we study how the regularity of Ox (in) and Ox (in') compares to 
the regularity of the tensor product 

Ox{m)^Oxim') = Oxim + m/). 

We first consider regularity as defined in Definition ll.il 

Theorem 2.1. Let B = Ox{d). IfOx{m) is Ox{p) -regular for B and Ox{m') is 
O xip')- regular for B, then Ox(m + m') is Ox (p + p')- regular for B . 

Proof. We will use Theorem ll.2l Given a nonempty subset J C {1, . . . , r}, it suffices 
to find k E J such that 

(2.1) pk + p'k + ruk + m'l, + Ik - l.jdk > 0. 

Using (jl.ip for this J and the sheaves Ox (w) and Ox (p) , we know that 

max \ps + rus + Is — I jdg] > 0. 
Hence we can find k E J such that 

(2.2) pk+mk + lk-ljdk>0. 

Then using (jl.ip for {k} and the sheaves Ox{m') and Oxip'), we also have 

P'k +m'k + lk- Ikdk > 0. 
Since Ik < Ikdk 7 this implies that 

(2.3) p'k + m'k > 0. 

Adding (|2.2p and (|2.3|) . we obtain the desired inequality (|2.ip . □ 

Theorem 12 ■ 1 1 gives the following result concerning the Castelnuovo-Mumford reg- 
ularity of the sheaves J'{m) = VruOxim) on projective space. 

Theorem 2.2. Given any m,rn' G Z*", we have 

reg(jr(m)) + i'eg{J^{rn')) > reg{T{m) ® J-{m')). 
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Proof. It suffices to show that if J-{rri) is p-regular and J-(rn') is p'-regular, then 
J-(m + rri/) is (p + p')-regular. This follows immediately from Theorem 12. II and the 
already-noted equivalence 

J-{n) is g-regular ■<=> Ox{n) is Ox ('?^)-regular for B = Ox id). □ 

In general, regularity is not subadditive, i.e., given coherent sheaves J- and G on 
P^, the inequality 

(2.4) reg(J^) + reg(^;) > reg(J^ (g) G) 
may fail. Here is an example due to Chardin. 

Example 2.3. Let R = k[x,y,z,t] and consider the ideals /„ — {z^,t^) and 
J„ = (a;™-4 - y™-iz). When n,m > 3, Example 1.13.6 of [1] implies that 

(2.5) reg(/„) + reg(Jm) = to + 2n - 1 < reg(/„ + J,„) = nin - 1. 

As noted by Chardin [3], this remains true when we work in the larger ring S — 
k[x, y, z, t, u, v]. The key point is that the ideals /„, Jm, and /„ + Jm are saturated 
in S. 

Now let and G be the coherent sheaves associated to 5//„ and S/Jm respec- 
tively. Then T ® G ^s, the sheaf associated to 5/(/„ + Jm)- S ince lyi and Jm are 
saturated in S', (|2.5p easily implies that 

reg(J^) + reg(^) = to + 2ri — 3 < reg(jr ®G)— mn — 2 

when n, m > 3. This shows that subadditivity fails in general. 

However, there are certain situations where (|2.4p docs hold, such as when T or 
G is locally free (see |71 Prop. 1.8.9]). Theorem 12.11 shows that the sheaves J-{rn) 
give another class of coherent sheaves for which regularity is subadditive. 

3. Tate Resolutions 

By [5], a coherent sheaf J- on the projective space P(M^) has a Tate resolution 

> TP{T) — > TP+^{T) — >■■■ 

of free graded i?- modules, E — /\ W* , with terms 

(3.1) TP{T)^®,E{z-p)®H\T{p-i)). 

Here, E = Homi<-(£', K) is the dual over the base field K. 
Standard vanishing theorems imply 

TP{T) = E{~p)(»H"{T{p)) forp>0. 

Furthermore, ii T — i»f for a locally free sheaf f on an irreducible Cohen-Macaulay 
subvariety Y ^ P{W), then Serre duality and the same vanishing theorems imply 
that 

TP{T) = E{n - p) iJ"(J'(p - n)) for p < 0. 
In this situation, wc define 

p+ ^ mm{p I TP{T) ^ E{-p) ® H°{T{p))} 

p- = max{p I TP{T) = E{n - p) ® W{T{p - n))}. 
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In general, the differentials in the Tate resolution are hard to describe. The 
exceptions are the "horizontal" maps 



E(i 



p) ® H'{T{p - i)) E{i - p - 1) ® H\T{p + 1 - i)), 

which can be written down explicitly (see 0). It follows that the Tate resolution 
is known for p > p~^ and p < p~ ■ In other words, the interesting part of the Tate 
resolution lies in the range p^ l£ P l£ P^ ■ 



For X 



and the Segre- Veronese embedding f ^ : X 



F{W) 



coming from Ox{d), we have the sheaf J-{rn), m = {mi, . . . , rrir). When r = 2 and 
d = (1,1), the Tate resolution, including differentials, is described in [4]. In the 
general case considered here, we restrict ourselves to giving explicit formulas for p"*" 
and p~ . This determines the length of the interesting part of the Tate resolution. 



To state our formulas, recall that I — (/i, . . . 
set 1 = (1, ... , 1) and 

m — —m + nd — l~ 1 = (—mi + ndi — h 
Theorem 3.1. For the sheaf J- {m), we have 

p^ = i'eg(jr(m)) 



, Ir) and d= (di, . . . , dr). We also 
- 1, . . . , —rrir + ndr — Ir — 1). 



max < mm 
j5^0 \keJ 



dh 



P 



sg(J^(m)) = 



max < mm 



TOfc 



dk 



-I. 



where J"^ denotes the complement of J C {1, 

Proof. The equality p+ — reg(jr(m)) is immediate from (|3.ip and the definition 
of regularity. Then Theorem 11.41 gives the desired formula for p"*" . Since m — 
— m + nd — [ — 1, Theorem 11.41 also implies that 

(-TOfc + ndk - Ik - I) + Ik 



Teg{J-{m)) — max < min < Ij 



j^m I fceJ 



max < mm 

J ^16 I fceJ 



TOfc 



1 



where the last equality follows easily using Ij — n = — ^jc 

It remains to prove p~ — — reg(jr(TO)). Observe that p <p~ ii and only if 

(3.2) W-\T{m){p-{n-i)))^0 for aU i > 0. 

By Serre duality on X P'l x • • ■ x P'-, 

H^-\T{m){p - (n -?:)))= H''-\X, Ox{rn+{p - {n - i)d)) 

= H\X, Ox{-m- [P - n + i)d- I - I))* 
= W{T{-m +{n-p-i)d-l- 1))* 
= H\n^L)i-p^^)r, 



so that (|3.2|) is equivalent to 

H\T{m){-p - i)) = foraUi>0. 
This vanishing is equivalent to — p > reg(.F(TO)), so that 

p < p^ —p > reg(jF(TO)). 

Hence p^ = — reg(jF(TO)), as desired. 



□ 
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Example 3.2. When d — (1, . . . , 1) and I — (/,..., Z), we may assume that m = 
(rni, . . . , TTir) with mi < ■ • • < rrir. Then one can show without difficulty that 

p'^ = max {{i — 1)1 — rrii} 

l<i<r 

= min {{i — 1)1 — rrii} — 1. 

l<i<r 

This makes it easy to compute p+ — p~ , which is the length of the interesting part 
of the Tate resolution. For instance, if mi = ■ • • = m,,_i = and = m, where 
m > (r — 1)1, then 

p'^ — p^ ^ m — I + 1, 
which can be arbitrarily large. On the other hand, if m is more balanced, say 
TOi = . . . = TO,- = TO, then 

p+ -p^ = {r- 1)1 + 1, 

independent of to. 
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